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0.1 Abstract

This document is intended as an introduction to stacks and group stacks. Building on
ideas from algebraic geometry and category theory we treat foundational questions in
the subject focusing on the categorical aspects in Chapter [l] and Chapter [3] and on the
geometric in Chapter Using this foundation then we give fundamental examples of
group stacks in Chapter [4] and Chapter [ giving a treatment of when we can expect a
quotient to give us a group stack and how the application of the Picard stack can be used

to attack a fundamental moduli problem in geometry.

0.2 Introduction

In geometry we study spaces, one question that arises is what the correct type of space is
to study. One such answer is stacks, a way to treat a space as a special type of functor.
These allow us to solve more general problems than other types of space such as finding
the moduli space of eliptic curves. Another thing they allow us to do is to take quotients,
the motivation begind the study of group stacks then is that commonly in geometry we
have group schemes acting on group schemes and it would be useful to be able to take the
quotient. We discuss when this quotient inherits the group structure in a natural way so

that the theory of 2-groups can be applied when stack-less approaches fail.

In Chapter [I] we cover the foundational aspects of stacks, building up some theory of

higher categories in order to define stacks as a 2-categorical analogue of a sheaf.

In Chapter 2] we treat the main topologies used in the theory of stacks. Explaining the
reasons they’re used along with the types of stacks that can be treated geometrically using
these topologies. In addition to this there is some mention of uses of stacks outside of

algebraic geometry, namely in differential geometry with a description of Lie Groupoids

Chapter [3] then focuses back on the categorical aspects of group stacks, internalising the
idea of a group into a 2-category to create 2-groups and so creating the object of focus,
group stacks. There is also some discussion on how one would generalise this construction

to higher categories

Chapter [4] covers the main concrete example of a stack, the quotient stack. Allowing us
to describe when this quotient can be treated geometrically in spite of it not existing as a
scheme. This is then used to give a family of examples of group stacks as well as due to

Deligne a full classificaition of abelian group stacks.

To conclude, in Chapter [5| we covers the classical constructions around the Picard group.
To do so introducing Cech cohomology, as well as discussion of a result of Grothendieck
describing the existance of the Picard scheme. This is then extended to give a very powerful
example of a group stack the Picard stack and how this group stack can be used to recover

the Picard scheme.



Chapter 1

What is a Stack?

1.1 Sheaves

The answer to the question “What is a Stack?” is actually very easy, a stack is a 2-sheaf
of groupoids on Sch/S with some topology. This of course is meaningless unless we know

how to generalise sheaves to this degree. So we start there.

Speaking classically, a sheaf on a space X is a functor F': Ouv(X) — Set” such that for

any open cover {Uy — U}xep we have an equaliser diagram

FU)—- [[FO)= [] FUAnT,)
AeA WAEA

Where the two arrows are (fy) = (faluynw,) and (fa) = (fulusnu,)- Speaking categor-
ically Uy N U, gives us the infimum of U,V which is the categorical product, but since

we have this whole setup relative to U this is equivalently the categorical fibered product

~_

U)\QUM:U,\XUUM

so the sheaf condition is maybe better written as the following equaliser

FU)= [ FWn= [] FULxu Uy
AeA LAEA

Where the two maps are induced by the projection maps from the fibered product. Now

that we have generalised enough it is somewhat obvious how we generalise this to an



arbitrary category, we just want coverings and fiber products.

Definition 1.1.1 (Grothendieck Topology). [LABG| A Grothendieck topologyElon a cat-
egory C is a collection of families of maps {¢y: Uy — U}rcp called coverings, these are

the analogies of open covers. This collection, call it T" satisfies the following
1. For any isomorphism ¢, {¢} € T

2. If {Ux = U}rea € T and for each A\, {V), = Ur}uem € T then the compositions
{VA,M — Uy — U}()\,/J,)EAXM SA

3. If {Uy — U}repr € T and V — U is any morphism then Uy xy V exist and {Uy Xy
V = V})\GA € T

A category with a Grothendieck Topology is called a site. Some examples are

1. For a topological space X we have the site of open sets Ouv(X), which is the category
of open sets along with coverings {Uy — U}xea when U = J, Uy

2. We can go one step up and consider the category of topological spaces Top as a

site taking coverings {tx: Uy — X}xcpn where each ¢y is an open immersion and
X = UA Uy

3. In the context of algebraic geometry we can choose T—coverings for 7 € {fppf,smooth,
étale, Zariski}. That is coverings as before where we restrict ¢ to satisfy property
7. Then for any scheme S we can define the big 7—site of S, (Sch/S), as the slice
category Sch/S and 7—coverings, these objects will be the focus of Chapter

In the exact same way as before we can consider the sheaves on this site.

Definition 1.1.2 (Sheaf on a site). We define a sheaf on a general site X, T' to be a functor
X — Set so that for any covering family {Uy — U}xecp € T the following diagram is an
equaliser

FU)—= [[FW)= [] FUsxvU)
AEA HAEA

A question one may have at this point is why are we doing all of this. In algebraic geometry
we care about moduli problems, that is we care about representing functors with schemes
X so that the S-points of X parameterise F'(5), ie hom(—, X) = F(—).

Example 1.1.3. Suppose we have a locally small category with any many limits/colimits
as we want, Consider the presheaf hom(—, X). Suppose for some U we have a collection
L]y Ux — U that informally covers U, ie U is just this collection of Uy where each pair is
glued together along some map, we can represent this as taking the pullbacks of the maps

Uy — U. That is we have a coequaliser

Lthis is sometimes called a Grothendieck Pretopology but this is good enough for now to give it the full
title



U Lhea Ux &= Uuxea Un v Ux

Then by continuity of hom(—, X)) we have the limit diagam

hom(U, X) —— hom (e, Uy, X) = hom (|_|H,AeA U, xu UA,X>
Where thanks to universal properties we have an isomorphism of diagrams

[Iycp hom (Uy, X) —= H%AGAhom(UA x Uy, X))

F =

hom (| yep Un, X) ——2 hom <|_|H,,\EA7 Ux xu UWX)

So hom(U, X) exists as the limit of

[ hom(Wy, X) = ] hom(Ux xy Uy, X)
AeA WAEA

That is to say, for any reasonable Siteﬂ we would expect representable functors to be

sheaves

So we see that, in most natural cases, being a representable functor is a special case of
being a sheaf. Thanks to the Yoneda lemma one can replace objects with representable
functors without losing any information. This allows us to treat sheaves as a more general

type of object in a site.

If we allow for just any old sheaf however, our moduli problem becomes sort of boring.
Since we can just check when the functor itself is a sheaf, we have generalised beyond
application. Our original aim was to study these families geometrically. To do so we look
at those sheaves that are, in some sense, locally just schemes. The definition of this can
wait until we have covered the actual topologies one can give to the category of schemes

(see Chapter . Nonetheless we call such sheaves Algebraic Spaces.

The theory of Algebraic Spaces is expansive and can be used to solve many problems in
algebraic geometry. Sadly they come with a fundamental flaw, they forget too much about
the objects. Say we are looking at the moduli space for some family of curves. Algebraic
spaces can get as far as saying that for an equivalence class of curves over Q[x]| we get a Q||
point of our space. This is fine for some cases but just because two curves are isomorphic
doesn’t mean we can ignore their differences. That is to say there can be multiple ways
in which the curves are isomorphic and combining them all into one class requires you to
forget that this is the case and just try to take some canonical isomorphism down to one
representative. An example of where this issue arises can be found in the introduction of

[OLSS| wherin a family of curves that are not isomorphic are made isomorphic by a field

2The technical term here is subcanonical, topologies finer than the canonical topology. The canonical
topology is then the largest topology where hom(—, X) is always a sheaf|ARTI|



extension. Since looking for just a moduli scheme we must forget in what way they’re
isomorphic these points get glued together, contradicting that for a scheme taking a field

extension only adds points.

This is a problem when trying to find moduli spaces, so to get around it we just want to
replace our measly sets with something that remembers the isomorphisms, that is to say

we use groupoids.

1.2 Stacks

Since groupoids are in and of themselves categories, the category of all groupoids looks
like a category of categories. So to treat Stacks properly we need to consider natural
isomorphisms and generally the higher dimensional structure that groupoids come with.

To do so we first flesh out the notion of a 2-category.

Definition 1.2.1 (2-category). El A 2-category C is a category enriched over Cat, ie for
each z,y € C we have a category hom(z, y), then for any triple z, y, z we have a composition
functor o : hom(z,y) x hom(y, z) — hom(z, z) We say that x,y are objects. Then objects
of hom(z,y) are morphisms for morphisms f, g an element of hom(f, y) are 2-morphisms.
If every 2-morphism is invertable then we say that C is a (2, 1)-category. For example our

main case of Gpd is a (2, 1)-category

Note that any category is naturally a 2-category by replacing each hom set with the

corresponding discrete category.

Now, as always in mathethematics once we have an object we want to consider how to
map between these objets, there are a few approaches but the one we use for stacks is that

of pseudofunctors

Definition 1.2.2 (Functors). For 2-categories C,D a pseudofunctor F' : C — D or for

simplicity we may call it a functor. Is comprised of the following data
1. For each object x € C an object F(x) € D
2. For each hom category in C a functor T hom(x,y) — hom(F(x), F(y))
3. For each object x € C an isomorphism Fiq : id, — ?(idw)

4. For each triple of objects x,y,z € C and pair of morphisms f € hom(x,y), g €
hom(y, z), an isomorphism ?(f) o ?(g) — ?(f o g) natural in f, g

Such that these isomorphisms are coherent, that is any way to turn n-ary compositions in

C into n-ary compositions in D results in the same isomorphism

3These are often called strict 2-categories but the only one we care about for now is groupoids so we
don’t need to think too hard about it



If C or D are dual categories of the categories we really care about we call such an object

a pre-stack

In order to construct sheaves with these sorts of categories we must first define what limits
are in these categories. While there are more complicated types we only need the most
basic kind, recall for standard categories that a limit is an object so that any map into a
diagram factors uniquely through it, for 2-categories we do the same thing except instead
of uniquely factoring, we factor uniquely up to unique 2-morphism, this is again just saying
that the object holds all of the information about the diagram but in the natural way for
2—categ0rieﬂ

Sheaves were first defined to generalise taking the set of functions. So in order to do
this for higher categories we want an analogue of functions that requires this categorical

structure. To do so we consider the following

Example 1.2.3. For a topological space X we can consider the functor
Vectg : Ouv(X)? — Gpd

sending an open set to the groupoid of vector bundles over this set.

We take this as the motivating example for 2-sheaves, or as we will call them, stacks. When
we were considering 1-sheaves we note that to glue functions you need on each intersec-
tion, equalities fi’UimUj = fj’UimUj- Now the reason vector bundles require some higher
dimensional structure is that in order to glue we want not equalities but isomorphisms

¢35 : Vilv.nu; = Vjlu,nu; where on each triple intersection ¢i; o djr = ¢i

That is to say a vector bundle is determined by the restriction to each intersection and
then on each intersection a collection of coherent isomorphisms between the restrictions
corresponding to each inclusion U; N U; N Uy, — U; NU; so in some sense our functor

equalises the diagram

FU)- [[FUN= J] FOAxvU)F [ FUx xv Uy xu Uy)
AEA A EA A, VEN

And it is from this we define our higher dimensional sheaves.

In standard category theory we can give explicit descriptions of many limits by writ-
ing them as some composition of products and equalisers allowing for more hands on
approaches to the objects in question. As luck would have it this is true in many 2-
categories. In our case the base 2-category that we are dealing with is that of groupoids

so it is worthwhile to give an explicit description of a limit in this case.

“One perspective on why this is natural is that in higher category theory the “correct” notion of
uniqueness is contractability. If we contract the oco-categorical notion of contractibility we get just unique
natural transformations.



Lemma 1.2.4 (Limit in groupoids). For a diagram C_ : I — Gpd. We define
the limit lim;c; C; as the groupoid whos objects are collections {X; € C;}ticr and for each
morphism « : i — j in I, we have an isomorphism ¢ : Co(X;)=>X; that agrees with
composition, ie Paog = Qo © ¢g. We can see that this satisfies the universal properties we

would expect in the category of groupoids.
This finally gives us enough information to define stacks

Definition 1.2.5 (Stack). A prestack F' : C®? — Gpd for a site (C,T) is a stack if for
each covering {U) — U},ep if the diagram

FO)= [ FUN= J] FONxoU)F [[ FOxxv Uu xu Uy)
AEA A EA A u,vEAN

induces a limit in Gpd. Where the maps are induced by the diagram
T % ; % i
U,\ XUUM U,\ XUUV UM XUUV

U)\ XU UH XU U,,

Now while this definition is clean it is somewhat hard to work with since it requires
thinking 2-categorically meaning you need to consider morphisms and objects at the same
time and worry about their interactions. In this specific case however we can separate

these two modes of thought thanks to the following lemma

Lemma 1.2.6. [Slogan: You can glue objects and glue morphisms] A prestack
F:(C,T)” = Gpd

1s called a stack if and only if the following 2 conditions hold

1. For each {Uyx — U}ren and a collection of object { Xy € F(Uy)}ren with isomor-
phisms
A Xiluyxov, 2 XjluaxuU,
that satisfy the cocycle condition ¢y, 0 ¢uy = ¢a on Uy xy U, Xy U,. There is some

X € F(U) with isomorphisms on each Uy, ¢x : X|y,—>Xx. Ie we can glue together

the objects X; if they agree up to isomorphism on intersections.

2. For each U € C X,Y € F(U), the presheaf h(X,Y) : C/U — Set, defined by
h(X,Y)(V — U) = hompw)(X|v,Y]|v) is a sheaf.



Proof. ( =) For the first direction, Suppose a prestack F' satisfies (1.) and (2.). Fixing

a covering {Uy — U }aea we see that since we have the diagram

FU)=» [[FON= [] FUOUNxvU)3 [ FUs xv Uu xu Uy)
AEA A UEA A u,VEA

There is a natural map from F(U) to the actual limit, L, of

L [[Frwn= [ FONxvU)Z [ FUxv Uuxu Uy)
AEA A EA A, vEN

We want to show that this map is an equivalence. Since we are in Gpd C Cat it is

sufficient to show that this functor is fully faithful and essentially surjective.

First, we define our notation, we name the maps

ai,as : H F(Uy,) = H F(Ux xy Uy)
AEA AEA

bl,bg,bg 5 H F(U)\ XU UN)§ H F(UA XU UM XU U,,)
LAEN v, ANEA

First we prove essential surjection. The limit L has an explicit description of its objects
by Theorem so take an arbitrary such object (X,Y, 2)

Xe][[FWy),Ye [[ FUxxvU.),Ze [ FUxxuUuxuUy)
AEA LAEA v, ANEA

With isomorphisms ¢, : Y =a,(X), &n : Z=b,,(Co) that compose to give isomorphisms
ZZ5bman (X). Our isomorphisms ¢, give isomorphisms ()" : Yo = XaluaxopU, = an(X)au

by the definition of products of groupoids. This means we get isomorphisms

A ALy — -
Dap = M) T Xnloaxpt, 2 Xplusxp U,

These trivially satisfy the coycycle condition. Since each X € F(Uy) by the assumptions
there is some X € F(U) with isomorphisms X|7, — Xy so X +— X' = (X,Y, Z) so the

map is essentially surjective.

To show that the map too is fully faithful we take some morphism
(fl) f27 f3) : (Olu C27 03) — (Ci’ Cé7 Cé)

in L. These morphisms give commutative diagrams



Cy —— an(Ch) Cy ——— by (Co)

lfz l‘ln(h) lfs ian(fs)

Clh —— an(C}) Clh —=— bp(Ch)

So morphisms are determined just by what happens at C; and must satisfy a1 (f1) = aa(f2)
by the property of L being a limit. Thus by letting C; = X, we see that in general

morphisms in L are just morphisms in the equaliser of

hom(X|UmX/|U>\) = H hom(X|UA><UUu7X/|U)\><UUu)
Apuel

Since h(X,Y) is a sheaf we have that this is exactly hom(X, X’) so our functor is fully
faithful. This means that F'(U) is equivalent to the limit L so is a stack.

( <= ) Suppose that F is a stack. Then for every covering {Uy — U}rep, F(U) is

isomorphic to the limit of the diagram

[[F@)= [] FOrxwU)F [ FUL xuUuxu Uy)
AEA A UEA A u,vEN

So for a collection {X € F(Ux)}rea and isomorphisms ¢y, : Xalv,xyv, — Xulvyxpu,

satisfying the cocycle condition we get an object in the limit

F(U) 3 X = (X))ren (Xalvaxot)urer, (KalvaxotuxuUs Juuren )
= (X1, X2 X3

By construction then there are isomorphisms ¢; : X|y, — X so (1.) is satisfied. To then
satisfy (2.) we take some collection {Uy — U}xep in C/U. Then for each (fy)xea in the
equaliser of

H hom(X’UwY|UA) = H hom(X’UAXUUu’Y|U>\><UU,u)
AEA HAEA

We obtain a morphism of the (X!, X2 X3) — (Y, Y2, Y?) as before and so we get a
unique map X — Y that restricts to each X |y, — X|y,. This is exactly saying that

hom(X,Y) = ] hom(X |, Yen) = [ hom(X |, xyt,., Yloaxyu,)
AEA WAEA

Is an equaliser. That is to say that h(X,Y") is a sheaf so (2.) must too be satisfied. O

We have now constructed stacks as a generalised type of sheaf. Recall from earlier that we
constructed sheaves as a functor and had a problem, we have lost the geometry. I teased

that we would define so called “Algebraic Spaces” to bring the geometry back but for that



we needed to consider the topology on (Sch/S). We can do a similar thing for stacks,
looking for stacks that are locally geometric with respect to different topologies. For that

we need to find some nice topologies, so lets do that.

10



Chapter 2
Topologies

2.1 The Zariski Topology

We start in the simplest category we can, that of affine schemes Aff = CRing®. For
rings, say X = spec R a basic open subset X; C X corresponds to those primes not
containing f. THis is precicely the primes of R; so the induced map spec Ry — spec R is

an open mapping. From this we can define a topology

Definition 2.1.1 (Affine Zariski Site). For the category of affine schemes, or equivalently
the opposite category of commutative rings we define a site by saying that a family {¢, :

spec Ay — spec R} ep is a covering if

1. Each A; is the localisation Ry, = f)\_lR for some f € R. Ie spec Ay is a basic open
set of spec R

2. The map ¢ is the dual of the canonical map R — Ry. Ie ¢ is the inclusion map of
X f — X

3. For some Ay...\, there exists aj...a, so that ) a;fy, = 1. Ie the open sets X cover

spec R

We can see that this site embeds simply into the category of schemes Sch and so we should
expect that for any scheme, the functor of points homg.,(—, S) : Aff — Set is a sheaf on
this site. Additionally this is a very geometric type of sheaf, in fact this determines the

scheme itself, so it is important to look at what makes this functor so important.

The important thing about schemes is that they locally look like affine schemes. That is
there is a map | |spec A; — S that is surjective and locally an isomorphism. There is then
the additional property that the affine covers of a scheme determine its properties. That
is if we have some morphism of schemes S — X and we want to say that it has some
property, we could check this by looking at wether the property holds on the affine covers.

In order to do so however we need the data of the morphism to be remembered by the

11



affine subsets. This is called being representable by affine schemes. Put more rigourously
S — X has property P whenever there is an affine scheme A with a morphism A — X so
that S x x A is affine and the morphism has property P. le S x x A is the affine subscheme
on which property P holds.

Definition 2.1.2. Let C be a site, then for a morphism f : F' — G of presheaves we say
that f is representable by objects of type T if for all hom sheaves XX and morphims
£ X — @G, the fiber product F xg XX is of type T

To then be able to treat stacks and sheaves locally we want to have the ability to factor
things locally. So for a genreral geometric object we want all maps kKX — F to be

representable. There is a nice way to summerise this

Proposition 2.1.3. If the diagonal map ' — F X F is representable, then any map
S — F' is representable.

And so to ask wether the object can be treated locally it suffices to ask wether its diagonal

morphism is nice. This formulation being more intrinsic to the object itself

2.2 The fppf Topology

One strange and somewhat technical things used in the study of algebraic stacks is the
fppf topology. Being a loan acronym from french, fppf stands for “fidelement plat de
présentation finie” meaning “faithfully flat of finite presentation”. And so in definition it

is very straightforward

Definition 2.2.1. A family of maps {¢) : Uy — X} ca is a covering in the fppf topology
if each morphism ¢, is flat and locally finite presentation and X = |J ¢ (Uy)

Note that the fppf property is well behaved under base change and composition so this is
infact a topology. The reason for using this topology is somewhat less intuitive than the
others, since étale and smooth morphisms have very nice geometric meanings whereas this
fppf topology lacks some of the geometric richness. The advantage of this however is that
it deals nicer with the idea of treating properties locallyﬂ For example if we are looking
at to morphisms X — S,Y — S with a morphism f : X — Y making this commute, if f
can be split up into a cover in the fppf topology then X — S being flat, locally finite type
or locally finite presentation means that ¥ — S is too so it allows us to move the local
properties of X through to local properties of Y. In addition to this in a more topological
manner it allows us to cut up our space into chunks that let us check wether a map is
an immersion. That is if {¢) : Ux — Y}aea is an fppf cover then a map f: X — Y is
an immersion if and only if the maps X xy U; — U; are. So the “allowed open sets” for

the fppf topology are in some sense the right size for defining properties locally. Since

!The following facts come from Stacks project 35.14.8 and 35.24.1

12



we want to deal with stacks as we would with schemes, by defining properties locally and

then extending them, this fact of the fppf topology is clearly very useful.

2.3 The Etale Topology

Etale morphisms are one of the most important objects in algebraic geometry. They are
the algebraic analogue of local isomorphisms. In analytic geometry the standard result for
local isomorphisms is the implicit function theorem and so we require a similar setup for

étale morphisms

Theorem 2.3.1. For a smooth function f : R"*™ — R™ then for a point x with f(z) #
0 if the Jacobian is non singular then the set {f = 0} is locally a graph, that is it is
parameterised as some (p,g(p)) for p € R" g: R" — R™

This motivates the canonical example of an étale morphism, that of a graph. Suppose we
have some graph y = f(x) then we should want the projection map (x,y) — x to be a
local homeomorphism. In fact any function f(x,y) = 0 should be a local homeomorphism
as long as it is not vertical, that is the derivative d, f(x,y) is not zero. This construction

gives us so called “standard étale” morphisms once we make it more about rings

To make this about rings we replace the set f(z,y) = 0 with the ring Afy]/f and then
when we restrict to the places where f’ # 0 we are looking at some open subset, for this
we can just take a principal open and so we are looking at this localised at some g so our
standard example should be that of the ring (A[y]/f)g

Definition 2.3.2. If B is an A—algebra, then say we can choose f,g € A[y| so that f’ is
invertable in (A[y]/(f)),. We say that B is standard étale if we can choose such f, g so
that there is an isomorphism of A—algebras B — (A[z]/(f)),. We then say that a ring
homomorphism ¢ : A — B is standard étale if it turns B into a standard étale A—algebra.

In fact this definition gives us all the morphisms we want since one way to define étale
morphisms is being locally of finite presentation and locally standard étale. This is however
slightly technical and uninituitive since it feels very restrictive to the case of mapping a

space onto a hypersurface.

Going back to the implicit function to get a possibly easier to work with definition we have
the following setup (taking for convenience our open subset on which the map is defined

as the nonvanishing of some polynomial)

0

e G

{g 7é 0} N {(flfn) - 0} — {(flfn) = 0} — s R L

- 1

U - R™

R’n

13



Whenever the jacobian of fi...f, is non singular. And so dualising this by taking, for the

sake of ease, regular functions we get the following

0
fe—————
AlZmt1.Tminlg/(f1fn) ——— AlTmi1.. . Zmgn]|/(f1. fn) — A[mm+1...xm+n}(m*R[ajl...xn]
c(0) A = Rlzy..2m)

And so we get the far more natural example of a local isomorphism, that of the ring map
A — Alxi..xp]/(f1...fn), this is in our case a local isomrphism between the open sets

{g # 0} and U and so we take this to be our easier version of an étale map.

From |[VAKI| we can define the following. For a morphism of schemes 7 : X — Y, we say
that this map is smooth of relative dimension n if there are open covers {U;} of X and
{Vi} of Y so that 7(U;) C V; = spec B; and the diagram

U; spec Bi|xy...xpir]/(f1--f7)

= W <
dl ‘*'Wl /

V; —— spec B;

commutes where W is an open subscheme of spec B; and det ga]: L is an invertible function
J

on W. This is just the same as factoring through our local isomorphism from before except
now instead of being locally an isomorphism it is locally an inclusion into a codimension

n subspace. To extract our étale morphisms then we look at the case where n =0

Definition 2.3.3. A morphism f : X — Y is étale if it is smooth of relative dimension 0

The natural example of an étale morphism is the map k[t] < k[t,#~!] since as these are
meant to represent open immersions we can see visually that the map A}C\O — A}C is etale.
In this case we have k[t,t~!] being a k[t]—algebra in the natural way so we just need to
find f, g € k[t][x] so that this is k[t][z]4/(f). The natural choice is then to choose g to be
the constant polynomial ¢ and then for f’ to be a unit we either need it to be a power of ¢
or a constant, so we choose f = z, then we get the k[t]—alegebra (k[t][z]/(z)); = k[t,t!]

so this map is infact étale

This gives us possibly the most natural topology on the category of schemes, we say that
a family {¢ : Uy — S}iea is a covering whenever the maps are étale and |Jo(Uy) = S.
These morphisms are naturally well behaved under base change so do form a topology.

Note that this is weaker than the fppf topology, in that any étale covering is automatically
fppf

This topology allows us to treat sheaves as geometric objects

Definition 2.3.4. A sheaf F' over the étale site is called an Algebraic Space if
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1. The diagonal A : F' — F x F' is representable by sheaves
2. There is a scheme 7" and etale surjection 7" — F

Taking this up a step we can finally define things locally for stacks

Definition 2.3.5. A stack F over the fppf site is called a Deligne-Mumford stack if
1. The diagonal A : F — F x F is representable by algebraic spaces

2. There is a scheme T and étale surjection 7" — F

2.4 The Smooth Topology

2.4.1 The differential world

Etale morphisms act as an algbraic analogue of open immersions. These are a very re-
strictive class of morphisms however. So as we do for many things in algebraic geometry

we want to define our structures to be close to those in differential geometry.

In differential geometry we deal with manifolds, that is differential spaces that are locally
modelled on R™ these however have a downside. For even slightly mean group actions we
dont have quotients. For example if we take R? and quotient by the Z/27Z action z s —x
we see that when we take the quotient we end up with a cone which is going to fail to
be smooth at the origin. To remedy this in the 50s mathematicians started to deal with
“orbifolds” as to mean “orbit-manifold”F] These are spaces that are modelled on instead
of R™, quotients of R™ by some linear action of a finite group, like the one mentioned

earlier.

It turns out that these structures are well behaved if we treat them as a type of stack.
However to get to that point we need to abstract away some of the differential structure.

We start by generalising an orbifold to whats called a Lie-Groupoid.

Definition 2.4.1. A Lie groupoid is a groupoid G for whom ob G and mor G are manifolds,
additionally the source and target maps s,t : morG — ob G are submersions and the rest

of the structure maps are smooth.

For example if we have a lie group G acting on a manifold M then the action groupoid
G x M = M is a lie groupoid since projection and multiplication are clearly submersions.
We say that a Lie groupoid is proper if the source and target maps are proper, and étale if
they are local diffeomorphisms. The quintessential example of a proper étale lie groupoid
would then be the action groupoid of a finite group action, since the group is discrete the

dimensions line up so everything is étale instead of a submersion and since it is finite the

2There was a suggestion to call them manifolded as they look like folded manifolds, this sadly didn’t
stick
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Figure 2.1: A visualisation of a Lie Groupoid

maps are clearly proper also. It turns out that this at least locally, the only thing a proper

étale groupoid can be.

Theorem 2.4.2. Let G be a proper étale Lie groupoid. Then for any point x € ob G there
is an open neighborhood U C obG so that the restriction G|y is isomorphic to the action
groupoid A x U = U, where A is a finite group. Moreover we can take U to be an open

ball in R™ centered at O and the action of A to be linear.

Proof. See [LERM]| Ol

This means that we can treat orbifolds as a special case of this new Lie groupoid structure.
Coming back to stacks, one of the important things that stacks allow us to do is to take
quotients. In differential geometry orbifolds allow us to take quotients, and so we would

like to be able to treat these as the same thing.

We can define stacks over any category we want as long as we give it some Grothendieck

topology. And so we can do so on the category of differentiable manifolds.

Definition 2.4.3. The site of smooth manifolds is just the category of manifolds Mfd
along with a Grothendieck topology where ¢ : U; — M cover M if | ¢;(U;) = M

An important example of a stack over this category is given by the following. For a lie
groupoid G we can construct the classifying stack BG of principal G bundles. We will
see later that BG is generally just the stack [«/G]. In terms of fibered categories (see
Appendix [B]) we define the following

Definition 2.4.4. For a Lie groupoid G we can define the classifying stack BG as follows
1. The objects of BG are principal G bundles
2. The morphisms are then just G equivariant maps

This construction can be made functorial if one wants
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Since this definition is functiorial and well behaved, If you want to treat stacks as your
world of spaces then one could say that an orbifold is just its classifying stack and so
orbifolds are precicely just a special type of stack. In fact they are a large proportion of

all stacks

We want to, as is usual, consider stacks that are locally well behaved. Ie in this case those
who are representable by manifolds. Akin to our previous definition requiring a surjective

map we can take a well behaved covering of our stack in order to encapsulate this property.

Definition 2.4.5. An atlas of a stack is a manifold X and a map X — D so that for
any manifold map M — D the fiber product M xp X is a manifold and the projection

M xp X — M is a surjective submersion

Definition 2.4.6. A stack with an atlas is called a geometric stack, these are the differ-

entiable analogue of our algebraic stacks

Luckily as usual the theory of differentiable strucures is more restricitve than that of
algebraic strucutres so we can actually categorise all geometric stacks they are all just Lie

groupoids

Theorem 2.4.7. Any geometric stack D is isomorphic to BG for some Lie groupoid G

Proof. See [LERM]| Ol

And so we can see that very neatly the theory of stacks contains the theory of orbifolds
and so the theory of quotients. If then we want to treat quotients nicely in our algebraic
context we would like to deal with some analogue of these geometric stacks. That is stacks

that come from smooth morphisms.

2.4.2 The algebraic world

This treatment in differential geometry gives us reason to trust that smooth stacks encode
the correct information to treat the theory of orbifolds and quotients. So we mimic this

directly in the algebra.

Recall that we say that a morphism is smooth if locally, it is just a morphism A —

Alxy...xp)/(f1...fs) where .
(3,

Is a unit. We can then use this to define the most common type of stack

Definition 2.4.8. A stack F over the fppf site is called an Algebraic stack if
1. The diagonal A : F — F x F is representable by algebraic spaces

2. There is a scheme T" and smooth surjection 17" — F
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Note that since étale maps are smooth we see immediatly that we have a series of weak-

enings

Schemes C Alegbraic Spaces C Deligne-Mumford Stacks C Algebraic Stacks

One nice thing about these algebraic stacks is that there is a simple approach to proving
that a stack is algebraic. One can just find a nice map to another known algebraic stack

and if this map is representable then we must have a stack.

Proposition 2.4.9. For an fppf scheme S and morphism of S-stacks X — Y. If
1. X — Y 1is representable by algebraic spaces
2. Y is an algebraic stack over S

Then X is an algebraic stack
Proof. This proof is a purely technical result that fiber products of a stack and a repre-
sentable stack is representable and that smooth morphisms are stable under these fiber

products so an atlas of ) pulls back through the fiber product to an atlas on X making it
algebraic. For details see Stacks Project 94.15.4 L]
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Chapter 3

Groups

3.1 1-groups

In order to find out what a group stack is we must first know what a group is.

Definition 3.1.1 (Group in the category of sets). A group is a pair (G, o) for G a nonempty

set and — o — : G x G — @ satisfies the commutative diagram

GxGxG ) axa

(cia)| lo

GXG%G

And for any g € G the maps g o —, — o g are isomorphisms

Corollary 3.1.2. This definition recovers the standard definition of a group

Proof. 1. The commutative square gives us exactly associativity

2. For some g € G by bijectivity we must have unique left and right identities e; 0 g =
go fq = g, thanks then to associativity e;o0es0g9 =¢e509 = g so eg0e, = ¢4, then
for any h by e, o — being an isomorphism we can find some ¢ so that e; 0ot = h.
This means that h =e;o01=e¢e50e501=¢40h. So ¢4 is universally a left identity.

Equally fg, is universally a right identity and e4 = e40 f; = f, so we have an identity
1 so that go g~ ! is the

1_ g1

3. Since for any g € G, g o — is bijective there must be some g~
identity this is too a left inverse since we have a left inverse £ and ¢ = fogog™

so we have inverses

Ol

This definition then allows us to define what it means to be a group object in any diagram
category [C, Set] since any products occur over in Set, so we can say that a group object

in [C,Set] is a functor who takes values in the group objects of Set. This is really
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enough for our needs since our stacks are functors but we can generalise even further. For
any locally small category C we have a continuous (thus product preserving) embedding
& : C — [C,Set] and so we can define for any locally small category group objects as

those objects who have hom groups.

3.2 The multiplicitive group

An important example of a group object is that of the multiplicitive group G,,. If we have

a k-scheme X then one thing we would want to find is the group of units Ox(X)*. One

X X

can easily compute that points of Ox (X)* are just k-algebra maps k[z,z7!] = Ox(X)

and so this functor X — Ox(X)* is a sheaf and in fact a scheme corresponding to
hom(—, k[z,271]). Since each Ox(X)* is a group this is thus very naturally a group

scheme

3.3 2-groups

We want to extend this definition then to group structures in higher categories. When we
do so we no longer have the luxury of equalityEl and so we must only look up to coherent

isomorphisms.

Definition 3.3.1. A group groupoid or 2-group is a groupoid G along with a binary
operation G X G — G and an invertable 2-morphism o : (—o—)o— = —o(—o—) such
that

1. For every g € G the functors g o —, — o g are equivalences, ie they have inverses up

to natural isomorphism
2. The diagram (Which we will call this the coherence cube)
GxGxGxG

GxGxG \\ GxGxG // GxGxG

GxG /ﬁ GxG \& Gx@

G

'To some the fact we had equality in the first place would be more worrying than our loss of it, see:
https://ncatlab.org/nlab/show/evil
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2-commutes, that is every composition of 1-morphisms is the same up to composition

of 2-morphisms, and the 2-morphisms commute

For the sake of intuition it is worth describing exactly what that diagram does, if we chase

some tuple z,y, z, w we get the following

x? y7 27 w
TY, 2, W T, Yz, W / T, 2W

(xy)z,w =4 x(yz),w / Y, ZW \ z, (yz)w =4 z,y(zw)

Where © denotes the expression

((zy)z)w =o (2(y2))w Zo (2y)(zw) Za 2(y2z)w Zq 2(y(zw))
So we see that this cube is just a really complicated way to show that when we apply
assoicativity with o we get the same isomorphism nomatter which order we associate in.

This definition is fine but as is common when doing category theory you can describe an
object by its properties but as a mathematician you want to know at some point whats
going on inside. In order to do so we want to appeal to some structure internal to the

category. For this we need to define a more standard object.

Definition 3.3.2 (Monoidal Category). A monoidal category is a category C along with
1. A functor —® —:C xC — C
2. An object I called the unit

3. Natural isomorphisms A : I ® — — id, p : — ®_, id called left and right unitors
respectively and an associator a: (—® —-)®@ — - —® (— ® —)

Such that these natural isomorpisms are coherent, in the sense that for any A, B,C, D € C
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the diagrams

(A® B)® (C ® D)

A®(B®(C®D)) ((A@B)@C)@D
1A®QB,C,DJ/ TOCA,B,C@]«D
A® ((B®)C®D) SABECD (A® (B®C)) ® D
And
A®(I® B) SALE (A®I)® B
1Am Alg
A® B

commute for every A, B,C, D

These diagrams are a little confusing but all that it is really saying is that when you
associate it does as you would expect, ie any way you associate some expression ends up

with the same overall morphism.

Proposition 3.3.3. A 2-group is precicely a monoidal category (C,®) such that C is a
groupoid and the monoidal structure is invertable up to isomorphism, ie for any A € C
there exists A7l € C so that AQ A1 =T~ A 1A

Proof. If we have a 2-group there is a monoidal structure given by the map G x G — G.
By the 2-commuting of the coherence cube we can see that there is a canonical natural
isomorphism between any way of associating and so the pentagonal diagram is satisfied. To
find an indentity we can mimic the proof for 1-groups to conclude that up to isomorphism
there is a unique identity element 1, it is then clear that we have inverses up to isomorphism
since it is again the same proof but all up to isomorphism. The existence of an identity
allows us to check the triangle which again follows from the coherence cube after applying
the equivalence A~! - — If we we're to restrict ourselves to strict 2-groups then we could
conclude that this is a groupoid when only assuming that it is a category (see ),

but as it’s unclear wether this is possible in the non strict case

If instead we start with a monoidal groupoid with inverses then the requirements of a
2-group are followed immediately since the inverses make the maps equivalences and the

diagram follows from the pentagon identity. Ol
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3.4 Fundamental n-groups

This section uses the language of co—categories, for a primer see Appendix [C] To make
this seem an almost obvious way to define a 2-group, recall that a group can be seen as
a groupoid with a single object. One can then see this as an co—groupoid and thus as a
space by taking the geometric realisation of this simplicial set with simplices in degrees
0,1, 2 we see that we recover the original group as the fundamental group of this space, in
fact this is precicely the a construction for K (G, 1) the standard first Eilenburg-Maclane
space of G.

By this interpretation a group is just the fundamental group of some oco-groupoid/space
and so the data of the group is perhaps better put in just the space itself. That is the
data of a group is within the data of a connected pointed space. If then we had a space
with higher dimensional simplices we would have to consider the way in which these paths
are homotopic. This means we would have a groupoid of loops with homotopies between
them along with a monoidal structure given by concatenation. This is just a 2-group! This
construction is called the fundamental 2-group which we can see now is just the obvious
thing one would do to track loops when there is homotopies involved. In fact one could use
this to define n-groups as the fundamental n-group of some space where we take the n — 1
groupoid of loops with homotopies and then have a monoidal structure of concatenation.
This then allows us to define co-groups very simply, they are just the loop space of some
pointed, connected spaceEl with a monoidal structure given by concatenation. This is the
more general way to picture an n-group, as just the obvious construction one would make

given the data of loops with some level of homostopy

2here it may be better to say co-groupoid instead of space, it’s however very common to equivocate the
two
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Chapter 4

Quotient Stacks

4.1 Quotients

Suppose that we have an object X and a group object G acting on X. Say these objects
are sets, then the quotient object X/G the set of all orbits of objects in X. In other words
we take the set X but we add the condition that for all g,z x = gx. This is the same as
saying that from the perspective of X/G the two maps (g, z) — = and (g, z) — gz are the

same. That is we just take the colimit of the diagram

GxX — X

Taking this up a step to groupoids recall that a 2-group action has additional structure of
an associator (G x G) x X — G x (G x X) and so when forming the quoient we need to
care about this structure too, that is we want (gh)x ~ g(hz) = gz = x. No matter which
order we associate we still have ghx = x. This means we must add this second condition

to our diagram meaning we actually take the colimit of the diagram

GxGxX — GxX —=3 X

In this essay we need only technically look up to 2-categories is is however often useful to
appeal to infinity categories (see Appendix . In this case the diagram extends to taking

the colimit of the whole simplicial diagram

...ﬁGxGxXEtiX:;X

This just being the geometric realisation of this diagram. This interpretation makes our
lives occasionally easier and we can see that it gives back our small diagrams when we
truncate since the higher terms only give information about the higher dimensional cells

and in our cases we ignore them. This interpretation allows us to appeal to strong results
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in infinity categories and then just truncating to our 2-categorical world.

One of the nice things then about Algebraic spaces and Stacks is using these definitions
we can get more types of quotient than we could before by just computing these colimits

since we just need to compute in Set or Gpd which are very nice to work in categories.

Proposition 4.1.1 (Quotient Stack). For X a scheme over S and G an affine smooth
group scheme over S with an action on X. We define the quotient stack [X/G] is the
functor (Sch/S) tppr — Gpd where

1. For a scheme T [X/G|(T) is the groupoid of spans T <— P — X where P — T is a

principal G bundle and P — X is an equivariant map
This is equivalently by Appendiz[B the fibered category

1. For a scheme T an object over T is a principle G bundle P — T together with an
equivartant map P — X

2. a morphism from P — T to P' — T’ is a bundle map, that is compatible with the
equivariant maps P — X, P' — X

Often one takes this as the definition of a quotient stack. From |[KHAN| we have that

both this and the (co-)colimit definition are equvalent

Proof. Suppose we have the quotient stack [X/G] defined by the colimit. By the Yoneda
Lemma, the data of [U/G](T) is just the data of the morphisms 7" — [U/G]. For any such

morphism we can get a unique cartesian square

#U

p

— [U/G]

N

Where Y, U are principal G—bundles which is then precicely the data of the definition

If instead we start with the principle G—bundle T' < Y — U. By a theorem of Lurieﬂ we
may construct our morphism 7' — [U/G] as T = [Y/G] — [U/G] O

The question one must ask at this point is wether this quotient stack can be treated
geometrically. As we’ve discussed one should expect that reasonably okay quotients give

us algebraic stacks

Theorem 4.1.2. Let G be a smooth group algebraic space over a scheme S, for
a stack U with a G action, if U is algebraic then so is [U/G]

'Theorem 4.9 in
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Proof. We obtain an atlas of [U/G] by simply factoring the atlas of U through the smooth
surjection U — [U/G]

The representability of the diagonal is reliant on some technical results I haven’t proven,

see [KHAN] for details. O

4.2 Groups

One common situation in algebraic geometry is having multiple group schemes at acting
on one another. In this case you might want to take the quotient of these and hope that

it’s still a group. In some cases this is possible

Proposition 4.2.1. For a ring R and group schemes over spec R G, H flat and of finite
presentation with a normal containment H I G, then there exists an fppf sheaf G/H so

that we have a short exact sequence
1-H—-G—-G/H—1
Where G/H exists as an algebraic space
Proof. This is constructed as the sheafification of the presheaf X — G(X)/H(X) O

This is a nice theorem that allows us to treat reasonably well behaved quotients, but what

about the bad ones? To treat those we would have to use stacks

Theorem 4.2.2. For a group scheme G acting on a group scheme X if the action com-
mutes, in the sense that xy-ab = (x-a)(y-b) and the quotient [X/G] exists as an algebraic

stack, then [X/G| is a group stack in a natural way

Proof. By [BEJE| we know that [X x X/G x G] = [X/G] x [X/G] and so we have the

diagram

GXGXxX=—=—/—=—GxX ———¢ X -—-—-—-—---= > [X/G]

I | !

(G G)x (G x G)x
(GxG)x == (X x X) —¢ X xX -—--- » [X/G] x [X/G]
(X x X)

Which by the assumption of commutativity this diagram commutes and the morphism m
exists up to unique natural isomorphism. Associativity holds strictly within the diagram
and so when we choose two different morphisms for the two different associations [X/G] x
[X/G] x [X/G] — [X/G], they make the same diagram commute and so there is a unique

natural transformation between them, this is then the associator. We can see that the
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associator cube 2-commutes by uniqueness of this choice of associator and so we have a

group structure on [X/G] O

4.3 Classifying Stacks

One important example of a quotient stack is the classifying stack. If we have some
group scheme G over some scheme speck one natural datum to consider is the stack
of principal G-bundles. This by our equivalence of definitions from earlier is the stack
[spec k/G] := BG and we can see that if this G is an abelian group scheme over
spec k then this is in fact a group stack, and is for many cases the most natural way to
categorify our group scheme to a stack instead of the natural approach of just turning a

set into its natural discrete groupoid

4.4 Abelian Group Stacks

The most important type of group stack is that of an abelian group stack. These are the
main type of group stack that are studied. This type of stack is commonly reffered to as
a "Picard Stack” however we refrain from using this terminology as it would makes the
naming in Chapter [5] a bit of a pain, for this reason they will be referred to as abelian

group stacks.

To be clear what is meant by abelian in this case is that the functor takes values in sym-
metric/abelian 2-groups. That being monoidal categories with inverses and an additional

natural transformation informing how to commute two objects

Definition 4.4.1. A symetric monoidal category is a monoidal category with an additional
commutator natural isomorphism sy p: A ® B — B ® A so that the following diagrams

commute

XABC QABAC

AQ (BRC) B®(A®C)

W@c idBQV

(BRC)®A 224 B (C® A)

27



If then our stack takes values in this subcategory of abelian 2-groups we have an abelian

group stack.

Thanks to this fact about quotients we have a very natural way to generate abelian group
stacks, from a morphism of group schemes H — G we can construct the quotient [G/H]| as

an abelian group stack. In fact this gives us often all abelian group stacks in the following

sense[SGA4].

Such a pair of schemes H — G can be seen as a complex of sheaves concentrated in degrees

{—1,0}, call this category C~1* for such a complex we can define a prestack as follows

Definition 4.4.2. For a complex (d: K 1 — Kg) = K € ¢ Y we can define a prestack
pch(K) as follows, for an object U we have

L. ob(pch(K)(U)) = K_1(U)

2. For z,y € K_1(U), homyexyv) (2, y) = {p € K_1|dp =z — y}

3. We compose fog = f+ g, note that this is well defined as d(f + g) = df + dg =
@-y+Wy-2)=z-=2

In the case that these Ky, K1 are group objects we can inherit a group prestack structure
on pch, we then define ch as the functor that takes K to the stackification of pch(K).
See Appendix [4] for an explanation of sheafification, stackification is similar but more

complicated. This allows us to classify all abelian group stacks.

Theorem 4.4.3. [SGA/JThe functor ch induces an equivalence between the derived cate-
gory of complexes of abelian sheaves over any site S with representatives concentrated in

degrees —1,0 and the category of abelian group stacks over this site.

In the special case of sheaves over speck this equivalence is from the derived cat-

egory of abelian group schemes over k and the functor ch corresponds to the quotient map

(H — G)— [G/H|

So a critical takeaway is that the study of abelian group stacks is equivalent to the study

of abelian sheaveds]

2This is possibly similar to the relation between 2-groups and crossed modules
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Chapter 5

The Picard Stack

5.1 Line Bundles

In geometry one of the natural objects of study is that of vector bundles, they come with

a natural structure given by the tensor of vector bundles.

Definition 5.1.1 ( Vector Bundles). We define a vector bundle of rank n over a scheme,
or more generally a locally ringed space, to be a sheaf of Ox modules F that is locally

free of rank n, ie for each point x there is some neighborhood U of z so that

FU) 2 0x(U)®™

To then define our tensor product of sheaves we can simply sheafify the presheaf of point-

wise tensor products.

Definition 5.1.2 (Tensor of Sheaves). For a pair of sheaves of Ox—modules F,G we can
define the tensor product presheaf (F ®pre,0y G)(U) = F(U) @0 () G(U). We can then
define the tensor product

——

f®OX g — f®pre,(9x g
it is clear from the definitions that (F ®o G)z = Fz R0, Gz

From this we can see that the tensor of a rank m vector bundle and a rank n vector bundle
is a rank mn vector bundle. One thing we see here is that if m = n = 1, mn = 1, ie the

collection of rank 1 vector bundles is closed under the operation of tensoring.

Definition 5.1.3 (Line Bundles I). We say that a sheaf is a line bundle if it is a vector
bundle of rank 1

We will, somewhat suggestively, refer to the collection of line bundles on X as Pic(X).

For the sake of intuition, lets look at the most famous line bundle, the M&bius band.
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Figure 5.1: The tensor product of the Mébius band with itself

In this case, for the sake of visualisation, we will retreat to the standard definition of a
vector bundle, that of local trivialisations with gluing maps U; N U; — GL(n), in this
case our tensor product just gives you the tensor of the vector spaces where we take some
common trivialisation and then the gluing maps are just the tensor of the original gluing

maps.

Example 5.1.4. Taking the Mobius band M we can split it up into local trivialisations
and by just computing in Fig. MWe see that M ®g1 M = S xR. In fact in the case of S*,
there are only 2 line bundles, namely the Mobius band and the trivial line bundles[ELEN],

and we can see now that they form a group structure, Pic(S') = Z/27Z
It is in fact the case that this Pic(X) always forms a group

Theorem 5.1.5. For a sheaf L on a locally ringed space (X, Ox), the following are equiv-

alent

1. The evaluation map L@ hom(L, Ox) — Ox is an isomorphism, ie the dual sheaf of

L is an inverse.
2. L is invertible, ie there exists a sheaf N so that LRx N = Ox
3. L is a line bundle (locally free sheaf of rank 1)
Proof. [YUAN|Clearly 1 = 2. To show that 3 = 1 we can just compute, it is

sufficient to show that this is an isomorphism on stalks, so sufficient to restrict to a local

trivialisation, at this trivialisation our evaluation map becomes Oy @y Oy — Oy mapping
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s ®t — st, this is clearly surjective and injective since st = 0 — s®t = stl ® 1 = 0.
We're then just left with proving that 2 — 3

[STAC|Suppose that our sheaf is invertable, so there is an isomorphism ¢ : L&o, N — Ox.
For any point z, take an open neighborhood of z and sections s; € L(U),t; € N(U) so
that (3> )" s; ® t;) = 1. Consider then the isomorphisms

7

s®S8 @t Y o(s®ti)s;

LU) — LU) ®oy LU) ®oy N(U)®0, —— L(U)®o,

5 > si®s®t;
This isomorphism factors through (9?]9" by mapping
s (p(s®t1), ..., p(s®tpn)) = (s ®t1)s1 + ... + (s R tn)Sn

and so we have a split exact sequence 0 — L(U) < OF™ — M — 0 so £ is a summand
of a finite free Oy-module. This means that at each stalk £, we have a finitely genereted
projective module over the local ring O, and so each stalk is free and so the sheaf itself
is locally free, clearly it must be rank 1 as for vector bundles rank(V @ U) = rank(V) -
rank(U) O

This leads us to an alternate definition of line bundles that is ocasionally more useful than
considering vector bundles

Definition 5.1.6 (Line Bundles II). A line bundle over a (locally) ringed space X is a

sheaf, invertible with respect to the tensor product

5.2 Cech cohomology

There is another very useful formulation of this group Pic(X), it can be defined homolog-

ically.

Definition 5.2.1. For a space X we can define for any sheaf of abelian groups A the sheaf
cohomology groups H*(X,.A) by taking the left exact functor I'(X,—) : Sh(X) — Ab,
that takes a sheaf to its group of global sections, and computing its right derived functors

H(X, A) := RT(X, A)
Within then this framework we can write Pic(X) quite simply

Theorem 5.2.2. The picard group Pic(X) on a ringed space is isomorphic to the sheaf
cohomology group H' (X, O%) where O% is the sheaf of units of the ring Ox
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In order to prove this theorem we must pass through a gadget called Cech cohomology.
This is a cohomology theory designed to look at the cohomology of a sheaf but with respect
to some open cover, we can see immediatly why this may be useful as it allows us to look
only where our line bundles are trivial and compute cohomology there instead of having
to deal with the whole space as is. To do so we first define the Cech complex relative to

some open cover A

Definition 5.2.3. For an open cover of X U = {U;}icz, the Cech complex C*(U, F) is a
complex of sheaves over X defined as follows. For a sequence of indeces ig < ... < i; we
define the sheaf

Clo (U, F) (V) = F(UiN---NU;; NV)

Note that this is infact a sheaf of abelian groups as it is just the pushforward of F ‘Uioﬁ--ﬂUij
under the inclusion map U;; N ---N Ui; = X.
Definition 5.2.4. We then define the jth sheaf of Cech cocycles then as

U, Fy =[] co u,F)

10<...<1j
This determines a sheaf of abelian groups as it is just the product of such sheaves.

We have determined a sequence of sheaves and so in order to do cohomology to these

objects we need to determine our differentials. We define this termwise in the product

Definition 5.2.5. The Cech cochain complex is a complex
U, F) = CYU,F) = C*(U,F) — ...

Where the differential is given by for an element s € C7 (U, F)(V)
1
G0-lj41 Z(_l)nsio...i;..,ijﬂ‘Uioﬂ...ﬁU;nﬂ...UijﬂV

n=0

It is a straightforward computation to check that this is a well defined map of sheaves and
that 6% = 0

We can now see precicely in what sense Cech cohomology is considered as an approximation
to sheaf cohomology, to go from this cochain complex to the homology then we just do
as we would for sheaf cohomology, we take global sections and compute homology there.
The reason we passed to this complex of sheaves is so that we can find a direct comparison

map.

Definition 5.2.6. We define the Cech cohomology groups of some sheaf relative to some
open cover U as
H' U, F) = H'(T(X,C* (U, F)))
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To finally define a version without reference to an open cover we just take the limit over

finer and finer covers

Definition 5.2.7. The Cech cohomology group then without a specified open cover is
simply the direct limit
H(X, F) = lim H' (U, F)
u

Where the open covers are ordered by refinement

To compare this H(X, F) with our standard H(X, F) we first compare with how we define
H(X,F) to begin with, that is we take an injective resolution of our sheaf F

I(F): 05 F oI’ Tt 512 .

Then take global sections then take homology, so the point at which we want compare
these two constructions is at the beginning since that is when theyre most barebones.
Note that when we look at C?(U, F) we are looking at the intersection of j + 1 sets, so
C° will talk about single sets and C~! talks about no sets, so C~! is simply F so we have

the two cochains

I(F): 0 F 7° 7! 72

CU,F): 0 —— F — C'U,F) — C'U,F) —— C*U,F) —— ...

And so by the definition of injective this inductively induces maps, unique up to homotopy

I(F): 0 F 70 T! 7
| T T
CU,F): 0— F — C'U,F) — C'U,F) — C*U,F) — ...

And so we get well defined induced maps in homology H* (U, F) — H*(X, F) which then of
course extend to a map of the direct limit H*(X, F) — H'(X, F). There are then theorems
about this comparison map, for example one can find that when the cech cohomology
vanishes with some cover this is an isomorphism (Cartans Theorem), If the sheaf coho-
moloy vanishes on some collection of subspaces then the relative version of this map is an
isomorphism (Leray’s Theorem), this map is injective for ¢ = 2 and more. The one that

we care about however is the followng

Theorem 5.2.8. For a topological space X and sheaf F on X then the map
H'(X,F) = H'(X,F)

Is an isomorphism for i = 0,1
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Proof. At 0 this is just the identity map of global sections so theres nothing to check.

At 1 then we can first embed F into a flasque sheaf G to get the following exact sequences
for some D® and R

0O=+F—=G—-+R—=0

0—-C*U,F)—C*U,G)— D*(U) —0

Taking homology of this and using that the Cech and sheaf cohomology of flasque sheaves

vanishes we get the exact sequences
0— H'(X,F) - H'(X,G) » H'(X,R) - H(X,F) =0

0—HU,F)—HWU,G) - B (D*(U)) - B U, F) =0

At this point we can appeal to the fact that we have done the 0 case so we have iso-
morphisms in the first two terms and a natural map D®* — C*(U,R) so we have the

diagram

0 — HY(X,F) — H'(X,§) — H'X,R) —— H'Y(X,F) ——

L 1 N

0 — (U, F) —— H°U,G) —— BY(X,D*U)) —— H' U, F) ——

Since we’re taking a colimit over a directed set we maintain exactness in the limit so by

the five lemma it is sufficient to show that in the limit the map
lim D) = lim H°(X,D*(U)) - H°(X,R) = T(X,R)

is an isomorphism. To show that this map is surjective by the definition of the quotient for
any r € I'(X, R), we can find a sufficiently small cover V = {V;} with elements g; € T'(V;, G)
that map down to r and each g; — g; € I'(V; NV}, F). Clearly then the equivalence class
of this (g;) in D°(V) map onto r so taking the equivalence class of this in the limit we
get something hitting r so we get surjectivity. Then for injectivity if something nonzero
maps to zero then there must be some family (g;) that are not sections of F so that every
refinement maps to zero, this is clearly impossible as by the properties of quotients if
something goes to zero for some sufficiently fine covering it maps into sections of F, but
this means that it must be zero already in D®*(V) so this map is injective. Hence when we
apply the five lemma to our diagram we get an isomorphism so we have isomorphisms in
degrees 0, 1 L]

And so via this Cech cohomology we can prove Theorem

Proof. Given a line bundle £ and a covering U that trivialises £ we have on each U an
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isomorphism £(U) — Ox (U) can construct an element on

C'w,0%) = [[oxwinvy)

1<j
Via the map
L(U;)) —— Ox(Us) s 1
,C(Ui N Uj) — Ox(Ui N Uj) 3|UmUj — S

This map £ — § since by bilinearity of @ L L — s® s’ = §s'1 ® 1 = 35’ It suffices to
show that this map is surjective with homology and injective. This map is injective since
if £L — 1 for everything in a cover then by gluing there must be some global section S
that restricts to 1 everywhere, that is £ has a non vanishing global section so is trivial so
L+—1 = L= 0Ox. Itis then surjective since if s — 0 under ¢ is the same as saying that
the difference of the triple intersections is zero, ie the restriction to the triple intersection
is well defined. This is precicely the cocycle condition which is true for vector bundles so
this map is well defined for homology. Additionally since such a section is well defineed
on these intersections we can construct the line bundle so that each fiber is O, - s;; on
U; NUj, thus we have surjectivity so the map Pic(X) — H(X,0%) — H(X, 0%) is in fact

an isomorphism. ]

5.3 The Picard Functor(s)

The fact that this Pic(X) is such a well behaved object that parameterises the isomorphism
classes should inspire one to consider it as a moduli space. The issue is that it is not a
space. So we want to do the normal thing and consider Pic(X) as the X —points of some
scheme. To solve this problem we first must formulate it correctly. The first problem we
run into is that Pic has no chance of being a sheaf so definitly isn’t representable,

to try to fix this we can generalise slightly to looking at line bundles over a base

Definition 5.3.1 (Absolute Picard functor). For an S-scheme f: X — S we define

Picx (T) = Pic(X xg T) = Pic(X7)

The issue is that this functor is basically as strong as the last one, and so is too not
representable [FGAE| To avoid this then we consider the relative picard functor

Definition 5.3.2. For an S-scheme f : X — S we define
Picx/s(T) = Pic(Xt)/ Pic(T)

35



Which can be made into a sheaf without much adjustment by taking the sheafification

(see Appendix |A]) (in fact sometimes it is a sheaf already)

We then say that if the relative Picard functor or any of its sheafifications are representable,
the representing scheme is the Picard scheme called Picy/g. For this there is a very strong

classification theorem for when it exists

Theorem 5.3.3 (Existence of the Picard Scheme (Grothendieck)). [FGAE] If X/S is
projective, flat with integral geometric fibers, then the étale relative Picard functor Picx g ¢

is representable.

Proof. This proof is difficult but here we give the outline |[BEJP|
1. Find a comparison between Cartier divisors and line bundles

2. Prove that the moduli functor of relative Cartier divisors is representable by some

open subscheme of the Hilbert scheme
3. Using the comparison find a morphism of the relative functors

4. Adjust the map so that it represents a quotient of the functor of relative cartier

divisors by a proper, smooth equivalence

5. Show that in general, such a quotient is a scheme

5.4 The Picard Stack

One issue with the representability problem is that it is often the case that the picard
functor is not representable. This can be explained with spectral sequences (see [LABP])
however it is enough for us to know that this picard scheme, while powerful, will not work

always.

This is one of the ways that stacks are incredibly useful. They allow us to define a
very naiive approach to the representability problem and just check when that object is
geometric in nature, be that algebraic, Deligne-Mumford etc. Following this we define the

following

Definition 5.4.1 (Picard Stack). For a scheme S and a morphism 7 : X — B over S.
We define the stack Picy,p. The picard stack, as the following functor.

1. For a scheme U The objects of Picx/g(U) are pairs (b, £) where
(a) b:U — B is a morphism over S
(b) L is an invertable sheaf/line bundle on the base change Xy = U xj p X

2. The morphisms of Picx,g(U) are isomorphisms of line bundles
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3. For a morphism f : U" — U, Picx,/g(f) is the functor sending (b, L) = (bo f, f*L)

with morphisms and sending an isomorphism ¢ to just f*¢

This stack will obviously solve the representability problem as it is just constructed to do

so, the magic is that this stack is in fact often algebraic.

Theorem 5.4.2. If 7 : X — B is flat, of finite presentation, and proper, then Picx/p is

an algebraic stack

Proof. See [STAC| Proposition 99.10.2. The proof appeals to the representability of the
natural map Picx,p — Cohx/,p, the stack of coherent sheaves. There isn’t time to discuss

this stack so the proof is ommitted O

This stack comes equiped with a group structure as the line bundles are invertable so
we have a monoidal structure given by ®, this has natural associator given by simply
rebracketing (as most associators are) and so this Picx/p is a very easy to work with

algebraic group stack. In fact since the ® map is commutative it is an abelian group stack

5.5 Rigidification

Since this stack is meant to solve some problems and generalise the standard Picx,p
scheme, we should hope that we can recover this scheme from our stack. One way to do

so is to find what’s called the course moduli scheme or rigidification of this stack.

The thing that stops the Pic(X) from being a scheme is that is contains the information
of automorphisms that clearly cannot show up in a set. Luckily there is a way to remove

this action

Theorem 5.5.1. For X an algebraic stack over S and H a flat, finitely presented,
separated group scheme over S. If for every object p € X(T') there is an embedding
H(T) — Auty(r)(p) which is compatible under pullbacks, in the sense that for any arrow
¢:p—p werf:T—T and g€ H(T'), we have that go ¢ = ¢ o f*g. Then there exists
an algebraic stack X /H and a morphism p : X — X /H which is an fppf gerbeEl so that for
any p € X(T), the morphism Auty(ry(p) — Auty,pr)(p) is surjective with kernel H(T)

In the special case of this picard stack the automorphisms we must remove correspond to
the action of the multiplicitive group and so when we take Pic and “remove” G,, we get
Pic

Theorem 5.5.2. [HOER] For a curve X over k, the picard stack Pic(X) is representable

and we have an exact sequence

BG,, — Pick(X) — Picg(X)

IThis is just a stack for whom any two objects in F (U) are locally isomorphic, for example our stacks
of principal G bundles BG are all locally isomorphic to U
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Where Picy(X) is the quotient

In addition if X has a k-rational point then this sequence splits so

Picy(X) = BGyp, x Picy(X)

And so from this natural construction of a stack we see that we can recover the picard

scheme by just removing the obvious automorphisms
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6.1 Conclusion

In conclusion, through the use of the Picard stack and quotient stacks we are able to
understand how the foundations in category theory from Chapter [I] and Chapter [3] allow
us to define powerful general objects that can be applied in cases where standard scheme
theoretic geometry fails. In addition the description of group stacks concretely as functors
taking values in 2-groups allows us to get a very solid hold on, for example, the quotient
stack of two group schemes. While there has not been space to discuss in this document,
the theory of 2-groups is well understood with its own representation theory and
interpretations as crossed modules . This means that using what we have learned
here, interpreting the quotients of group schemes and the picard group as stacks, we can
use these techniques to better understand group schemes and algebraic geometry as a

whole.
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Appendix A

Sheafification

Occasionally we will run into functors that are not sheaves. For this it is useful to find a
sheaf that is as close as you can get. In the classical case this sheafification is reasonably
straightforward. You can just take sections of the space | | F, which has the topology that
makes it all work. This is however quite dependant on stalks which are not as plentiful

once we move up to sites so some work is required to sheafifiy correctly

Theorem A.0.1 (Sheafification). For a site C. The inclusion Sh(C) — Psh(C), that is
the category of sheaves into the category of presheaves, admits a left adjoint ((—)*)*

The standard way to sheafify is to first separate the preshef and then sheafify this separated
presheaf

Definition A.0.2. A presheaf F is separated if the natural map F(U) — [[F(U,) is
injective

Recall from Section we defined the Cech cohomology associated to a cover U of the
space. This naturaly generalises to a site, this allows us to look at the Cech cohomol-

ogy at an element U of a site by considering the category of coverings of U ordered by

refinemenent, call it Jy and then taking
H'(U,F) = lim H' (U, F)
Vel

As it turns out the functor F*(—) = H%(—, F) acts like the sheafification we want, note
that this comes with a natural map induced by each of the maps F(U) — [ o F(U)r

for any covering of U

Theorem A.0.3. 1. FT is always separated
2. If F is separated then F* is a sheaf and F — F* is injective

3. If F is a sheaf then F — F* is an isomorphim
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So the double application is a sheaf

Presheaf N Separated Presheaf =+, Sheaf

O

+

Additionally any map F — G for a sheaf G factors through the canonical map F — F T,

that is this sheafification is an adjoint to the inclusion
Proof. See [STAC| Theorem 7.10.10 and Proposition 7.10.12 OJ

A similiar process can be done to stacks called “stackification” making the category of

stacks a reflexive subcategory of the category of prestacks
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Appendix B

Grothendieck Construction

For those who have read a little about stacks this document may seem nonstandard since
we take our stacks to be functors C°? — Gpd plus descent instead of fibered categories

X : S — C where each preimage X ~1(p) is a groupoid, plus descent.
To be clear what I mean by this

Definition B.0.1 (Fibered Category). Suppose we have some category over C, F': k — C
then we say that s is fibred over C' if for any ¢ there is a so called pullback f : a — ¢ so
that for any g : b — ¢ with F'(f) = F(g)o H then there is a unique lift h so that F'(h) = H.

We write x = F*y, since this is defined universally x is unique up to isomorphism

It is better summarised in the diagram

Ab/
[
Iz

F(b)

F(a)

Definition B.0.2 (Stacks by Fibred Categories). The definition of a stack is then just the
defition from Theorem [I.2.6] Ie a stack is a fibred category so that

1. For each {Uy — U},ea and a collection of object {X;}rea with isomorphisms
Sap : Xilvyxpv, 2 XjlUaxuU,

that satisfy the cocycle condition ¢y, o ¢ = ¢, on Uy xy U, Xy U,. There is
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some X with isomorphisms on each Uy, ¢y : X |y, =X ,.Here restrictions correspond
to the pullbacks of the fibred category.

2. The functor h(z,y) : C/U — Set sending [F' : V — U] — hom(F xx, F'xy) is a sheaf

These constructions are however very naturally the same. For a functor C°? — Cat, in
our case we have functors taking values in Gpd C Cat, we can convert it into a category
fibered over C. The construction is analagous to turning a family of sets indexed by I,
ier i = I by n(x € A;) = i, this

clearly maintains the same data as our origional indexing, for our functors we want to do

{A;}icr, ie a function I — {A;};er to a projection | |

the same thing

Definition B.0.3 (Grothendieck Construction). For a functor C°? — Cat the correspond-
ing fibered category fC F' consists of the following

1. The objects of [, F are pairs (z,y) for z an object of C and y an object of F(x)

2. A morphism in [, F' that maps (z,y) — (2/,y') is a pair of morphisms (f : z —
o F(f)(y) = y)

This has natural projection [(f,¢) : (z,y) = (2/,y')] — [f : © — 2']. This construction
is doing basically nothing, we are just taking our disjoint union of F'(¢) and then adding

any morphism that is induced by F'

It is mostly immaterial wether we work with the functor F' : C°? — Cat or the fibered
category fc F — C. Throuought we use the functorial perspective as it is a more natural

generalisation of sheaves which are the jumping off point for stacks.
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Appendix C

Infinity Categories

This is not meant as a good introduction to infinty categories, it just feels neccecary to
mention since in quotients the proof is slightly nicer with these in mind better introductions
can be found in [KHAN| or [KERO|. Additionally they can be used to build far more useful

intution for n-groups than standard algebra would allow.

We start with the notion of a simplicial set. A simplicial set is the data required to make

a simplical complex and thus its data is that of face maps.

Definition C.0.1. The category A is the category whos objects are sets of the form

{0, ...,n} and whos morphisms are just order preserving maps.

Note that any morphism [k] — [¢] can be decomposed into a composition of “face maps”

_ ] ) <1
G in-1—n je=i’ 7
J+1 j>1
And “degeneracy” maps
: ] ) < 1
oy n+1] = [n] j— J I =
j—=1 j>1

Which is precicely the topological data we need for simplicial complexes. And so a sim-

plicial set is just an assignment of these morphisms
Definition C.0.2. A simplicial set is a functor A°? — Set

This is generally written with just the face maps so denoted

...§X2§GXX1:;X0
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By the Yoneda Lemma for any simplicial set X
hom (hom(—, [n]), X) = X([n]) = X»

So an n simplex of X is just a map hom(—,[n]) — X. Because of this we refer to
hom(—, [n]) as the "standard n simplex” and denote it A™. This is all nice and topological
but where do categories come into this. Recall that in topology simplices come with a
direction. And so if we have two 1-simplices f,g where the start of one is the end of
another we say we have a composition if there is a 1-simplex h where f, g, h are the edges
of some 2-simplex. In fact more generally we can take the "horn” A7 that is the union of
all of the faces of the standard n simplex A" excluding the £’th. Our unfilled fg is then
given by a morphism A? — X then filling it in corresponds to this morphism factoring
through A2. So for higher morphisms we say for a morphism o : A} = X for0O<k<n
a composition of o is a morphism A" — X such that o factors as A} — A" — X for
general k this such map is called a fill. We can see that if we just restrict ourselves to the
standard world of 1-simplices every horn having composition corresponds to the standard

composition laws of category theory and so this is how we define an oco-category

Definition C.0.3. An oo-category is a simplicial set C where every horn A} — C for
0 < k < n has a fill

If we allowed for every horn to have a fill, we would have fills for diagrams like

% \\
N
\\
N

e soe
id

And so we would have inverses to every morphism, in fact if we have inverses for every

morphism then we get every fill and so we define infinity groupoids by this property

Definition C.0.4. An oo-groupoid is a simplicial set G where every horn A} — G for
0 < k < n has a fill, note that the singular simplicial set of a topological space fills this

requirement since it doesnt care about the direction.

In this world we can extend our standard sheaf or stack diagram to form co-stacks, using
the definitions from [KHAN]

Definition C.0.5. An oco-Stack on a site S is a morphism of simplicial sets, or just called
a functor, F
F:S§ = Gpd,

So that the diagram

FU)— [[FU)= J] FONxvU)F [ FOx xv Uuxu Uy)
AEA A UEA A, VEN
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is a limit
To go further than this one would require the infinitely long sheaf diagram, but for us

there is no need since we would then be tempted to talk about how to generalise sites and

this will become far more technical than we want.
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